This paper develops and validates a power flow behavioral model of a gas turbine engine with a gas generator and free power turbine. "Simple" mathematical expressions to describe the engine's power flow are derived from an understanding of basic thermodynamic and mechanical interactions taking place within the engine. The engine behavioral model presented is suitable for developing a supervisory level controller of an electrical power system that contains the engine connected to a generator and a large interconnection of many components, e.g., a naval ship power system powered by gas turbine engines. First principles engine models do not lend themselves to the preceding control development because of their high granularity. The basis of the behavioral model development is the balance of energy flow across engine components; power flow is obtained by taking the time derivative of the energy flow. The behavioral model of a specific engine utilizes constants and empirical fits of power conversion efficiencies obtained from data collected from a high-fidelity engine simulator. Behavioral models for a GE LM2500 and an engine similar to a GE T700 are constructed; the 2-norm normalized error between the simulator and behavioral model outputs for both engines is 3.5% or less.
Introduction
Power management of interconnected systems, such as the electrical system on a ship, have become critically important for several reasons: (i) the increasingly high cost of energy necessitating efficient on-board power management strategies in the presence of ramp rates of loads and limitations of modern sources [1, 2] , (ii) the increasing use of electronics for advanced weapons systems and a move to more efficient electrical propulsion systems across all vehicle types thereby requiring coordinated power distribution [3] , and (iii) the increasing use of electrically-powered automated systems to minimize manual labor also requiring coordinated power management strategies. An impediment to power management control is the interconnection of highly granular first principle models making control design and validation numerically untenable.
Recasting first principle subsystem models with reduced order models specific to energy and power flows allows the design, simulation, and validation of power management controllers. See for example [4, 5] . Specifically, with the designed power flow controllers in the loop of the high-order high-granularity model, the system can be simulated to produce input-output response trajectories. These input-output trajectory pairs can then be applied to low granularity system power flow model (with controllers in loop) to retune power flow model parameters allowing for a retuning of the controller parameters. The process is iterated until the controller design achieves its desired purpose for the high level model. See for example [6] . Such controllers might oversee a ship's electrical system in which a turbine-generator pair might be an integral component among a large interconnection of many components or subsystems. This work develops a supervisory level (low granularity) power flow model (a behavioral model) for a gas turbine engine that drives a generator as part of a ship board power grid suitable for real time MPC (model predictive control). In this context, the exact thermodynamic operating conditions of an engine represent a granularity of secondary priority. Nevertheless, the behavioral model derivation relies on an understanding of the basic thermodynamic and mechanical interactions taking place within a turbine engine. It is from this understanding that we infer "simple" mathematical expressions to describe the engine's energy and power flow behavior. At this writing, there does not appear to be a reliable power management control oriented model in the literature that is suitable for supervisory MPC design.
To demonstrate the adequacy of this behavioral energy/power flow model, we compare its responses (in simulation) to those from the Gas Turbine Simulation Program (GSP) [7, 8] for an engine similar to a GE T700 and a GE LM2500.
The comparisons show that the behavioral model produces minimal response errors thereby supporting the validity of the developed behavioral model.
Past Turbine Modeling
It is recognized that several gas turbine engine (GTE) models are available [9, 10, 11, 12, 13, 14] . These models are typically thermo-mechanical (first principle) models of high detail and complexity making their use in control strategy studies highly difficult. An additional snag is the need to have parameter values which often are proprietary or depend on proprietary data. Nevertheless, it is important to review some of the past modeling techniques before developing the behavioral model of this paper.
Walsh and Fletcher in [9] provide an aero-thermal model of a gas turbine engine. Model development depends on relations between pressures, temperatures, and fluid properties. Although the model presented in [9] can be solved in "real-time", it is not readily amenable to real time control, and in particular to model predictive control (MPC) due to its sheer mathematical size and internal iterative solution procedure. An alternate approach is found in Hung in [10] which provides a modeling method that relies on transfer functions. However, the number of parameters to be determined for the model is very large.
Camporeale et al. in [11] provide another example of gas turbine engine modeling. Similar to the other two approaches, the proposed modeling approach uses thermodynamic variables and uses different differential equations to describe the fluid state within the engine. The mathematical size of the technique is again too large and complex to be amenable to efficient real time control such as MPC strategies.
Gas turbine engine models have also been developed for control purposes.
Brunell et al. [13] utilizes the aero-engine control model structure from [12] to develop a GTE control model for MPC application. In [12] , an empirical control model for a 2-spool turbojet employs second-order transfer functions to describe the low and high pressure spool speeds and algebraic relationships to find the turbine inlet temperature and high compressor discharge total pressure. The fuel flow is the only controllable model input. The model relies upon six parameter curves and ten constants that are fit to output from a more detailed engine model. Brunell et al. [13] applies the previous model structure to a dual rotor, aerodynamically coupled machine with a low pressure rotor system (fan and lowpressure turbine) which feeds a high pressure system (core engine). The model is expanded to include two controllable inputs, fuel flow and exhaust nozzle area, and eight outputs: core spool speed, fan speed, engine pressure ratio, core compressor discharge pressure, core high pressure turbine exit pressure, fan stall margin, core stall margin, and thrust. The control model output deviates up to 22% during transients and 7% during steady-state from a physics-based based component level model over an envelope of operation. Brunell et al. use the control model for a nonlinear model predictive control that tracks a change in output power demand. The control model structure in [12, 13] relies upon numerous fits of data from a detailed engine model.
Hannett et al. [14] proposed a control model for a electrical utility plant gas turbine engine. Steady-state operating maps are used to obtain the gas generator turbine mechanical power, compressor torque, power turbine torque, and exhaust temperature. Modeled dynamics include shaft inertial effects and exhaust temperature lags. Model parameters are determined through engine operation tests that include steady-state running and dynamic load changes. 
Behavioral Gas Turbine Engine Model Overview
The development of these "simple" models of a turbine engine requires the identification of compressor and turbine efficiency maps which are extracted from a high level gas turbine simulation program such as GSP [7, 8] or NPSS [15] .
To begin, Fig. 1 illustrates a compartmental view of the gas turbine engine as a machine that converts energy stored in a fuel into usable mechanical energy.
The engine is comprised of a gas generator and a free running power turbine.
The gas generator itself is composed of three main parts: compressor(s), combustor, and turbine(s); the compressor and turbine may have multiple stages and the assembly comprised of the compressor rotors, turbine rotors, and the common compressor/turbine shaft with rotors is the gas generator spool. The gas generator uses the energy stored in the fuel to create a high temperature, compressed, fast moving output stream of air mixed with combustion products that drives the free power turbine. Specifically, (i) gas generator inlet air is compressed, (ii) the compressed air is mixed with fuel and combusted in the combustor, (iii) a high energy and high temperature gas stream exits the combustor, (iv) a portion of the energy in the gas stream is converted to mechanical energy by the gas generator turbine to drive the compressor, (v) the gas stream is exhausted to the free power turbine, and (vi) a portion of the energy remain-ing in the gas stream is used to drive the free power turbine whose shaft is available for mechanical work, as would be the case if it were to drive a generator to produce electrical power; the free power turbine's shaft is seen as the "output" shaft of the engine. The free power turbine power extraction from the gas stream depends on its thermodynamic efficiency; the free power turbine is only coupled aerodynamically to the gas generator.
In the next section we argue that for a behavioral model of a turbine engine, the gas generator operational characteristics are not (significantly) coupled to the power turbine rotational speed, i.e. in lieu of a control system that would implicitly couple the combined operation. This is validated in sections 8.3
and 10.3.
Under the condition of (very) weak back-coupling, it is possible to treat the gas generator as an independent "actuator" that drives the free power turbine.
The consequence is that the output gas stream of the gas generator acts as an independent input to the free power turbine 1 simplifying modeling.
Coupling Between Gas Generator and Power Turbine
To argue the validity of the assumption that reverse coupling from the free power turbine to the gas generator is very weak, we cite two sources: Hung [10] and Camporeale et al. [11] .
In Hung [10] a gas turbine engine of the form described in section 3 is simulated while driving a three-phase electric generator that undergoes a threephase fault. During the fault, it is seen that the gas generator speed is smoothly reduced, while the power turbine speed fluctuates wildly, see Fig. 12 of [10] . If there were strong back coupling, the speed fluctuations of the power turbine would have been reflected in a similarly behaved gas generator speed. Since a correlation was not observed, one argues that the power turbine speed at most weakly affects the gas generator operation.
Furthermore, in Camporeale et al. [11] , a GE LM2500 engine is simulated for a varying power load profile. A step load change is simulated and again the gas generator speed is seen to follow a smooth controlled trajectory, whereas the power turbine speed dramatically increases its speed before settling down to a more steady state value as seen in Fig. 12b of [11] . Again if there were strong coupling, the power turbine would have dragged the gas generator speed
up, but appears to have at most negligible effect.
In sections 8.3 and 10.3 we use GSP to validate this assumption for the two example engines subject to a square-wave shaped load on the power turbine.
Large changes in the power turbine shaft speed as a result of the varying load are not accompanied by similar alterations in gas generator speed.
Gas Generator Model Development

Energy Flow in a Gas Generator
To understand the power flow in the gas generator (the derivative of energy flow), we recognize that all of the energy within the gas generator during normal operation is sourced from fuel entering the combustor. The lower heating value of the fuel, LHV f uel , characterizes the fuel's potential energy. Deviations from the nominal LHV f uel are typically lumped into the combustion efficiency, which is normally estimated to be constant throughout working fluid at the inlet to the compressor to be zero since we assume the majority of the working fluid is atmospheric air, i.e., E wf,1 = 0 and engine inlet effects are negligible. The notation E wf,i denotes the amount of energy associated with the working fluid (relative to the datum) at number 'i' in Fig. 1 at any given moment. Thus, E wf,2 is the energy of the compressed air entering the combustor prior to combustion and E wf,3 is the energy of the working fluid immediately post combustion. Finally, E wf,4 is the energy of the working fluid leaving the gas generator, which is input to the power turbine.
Using this notation, we set down the energy balance equations pertinent to the gas generator beginning with the combustor:
where E comb,loss is the energy lost due to the inefficiencies of the combustor.
To develop our second energy balance equation we define E comp,th to be the amount of thermodynamic energy transferred to the working fluid by the compression process at any given moment of time. We note that E comp,th is equal to the mechanical energy used for fluid compression, delivered to the compressor by the gas generator spool, denoted E comp,me , minus any losses from mechanical-to-thermodynamic conversion such as from windage [16] , denoted as E comp,loss . In equation form
We define E c bld as the bleed air energy removed at the compressor exit, typically used for turbine cooling, compressor stall management, or for other purposes [16] . Modeling bleed air as being removed only at the compressor exit, such as in [11, 17] , typically results in an adequate representation of engine dynamics. If greater model fidelity is needed, Camporeale et al. [11, 18] suggest augmenting the model with plenums placed between the compressor stages where bleed occurs.
Thus at the compressor-combustor interface E wf,2 = E comp,th − E c bld (4) Moving to the right side of the combustor, we define the thermodynamic energy extracted from the working fluid by the gas generator turbine to be E turb,th . Energy balance across the gas generator turbine then satisfies
where E c cool,gg is the energy in cooling air (e.g., bleed air) delivered to the turbine. Here, the cooling air is assumed to be mixed with the combustor outflow at the turbine entrance as in [17] . In practice, cooling air is introduced at multiple locations along the gas expansion. In the event that greater model fidelity is needed, additional cooling air injection locations can be treated similarly to the addition of compressor air bleed locations via plenums [11, 18] .
A portion of E turb,th will be lost to friction and inefficiencies in the conversion from thermodynamic-to-mechanical energy, denoted as E turb,loss . Thus, the mechanical energy available to the spool for transfer to either inertial energy storage or to the compressor is E turb,me = E turb,th − E turb,loss
The energy transferred by the spool to the compressor can originate from either the stored energy in the spool or from the turbine or both. Energy balance requires that
where E spool,loss is the mechanical energy losses associated with the rotating spool and
with ω gg denoting the spool rotational velocity and J spool denoting the mass moment of inertia of the gas generator spool.
Finally, in reference to Fig. 2 the energy balance between bleed air energy and turbine cooling energy is
where E c cool is the total amount of energy taken from the bleed air for turbine cooling and E bld,exh is the energy in the bleed air used for compressor stall management or other purposes. The turbine cooling air energy is routed to the gas generator and free power turbines such that (10) where E cool,pt is any free power turbine cooling air energy.
Power Flow in a Gas Generator
Time differentiating the energies in Fig. 2 , or equivalently Eqs. (1) achieve a behavioral power flow model of the gas generator. The set of power flow equations is set forth below:
P comp,th =η comp (P comp,me , ω gg )P comp,me (13)
P turb,me =η turb (P turb,th , ω gg )P turb,th (17)
Differentiating Eq. (1) (ii) substituting in η comb P c f uel for P c f uel − P comb,loss , (iii) replacing P wf,2 with P comp,th − P c bld , and (iv) using α c bld P comp,th for P c bld . Eq. (13) is the mechanical-to-thermodynamic power conversion in the compressor where η comp is the power conversion efficiency and P comp,me is the compressor mechanical power. Eq. (13) results from (i) taking the time derivative of Eq. (3) and (ii) rewriting P comp,me − P comp,loss as an efficiency dependent on P comp,me and ω gg [16] .
Next, Eq. (14) provides the gas generator power turbine thermodynamic power extraction from the incoming fluid where P turb,th is the amount of thermodynamic power extracted, η extract is the efficiency of the extraction, and P c cool,gg is the power in cooling air delivered to the turbine. This equation begins with the time derivative of Eq. (5) where P wf,4 is the power in the turbine exhaust. In the thermodynamics literature, P turb,th is expressed as a function of input mass flow rate and inlet and outlet temperatures. It is the power in P turb,th required for self sustained operation that determines the drop in temperature across the gas generator turbine since one can view P wf,4 as an exhaust term. In turn, this load induced by the compressor on P turb,th can be approximated using the compressor equilibrium running line with input ω gg [19] assuming constant compressor inlet conditions; spool/compressor/turbine losses also depend on ω gg , P wf,3 , and P c cool,gg . Further, the mass flow rate depends on that generated by the compressor and the combustion process, which depends on ω gg and the upstream variables P wf,3 and P c cool,gg . Using these variables, one can approximate the mass flow rate out of the combustion chamber and the temperature differential which allows us to approximate the gas turbine extraction efficiency denoted η extract as a function of P wf,3 , ω gg , and P Turbine thermodynamic-to-mechanical power transfer is given in Eq. (17) where P turb,me is the mechanical power supplied to the spool. Eq. (17) comes from (i) differentiating Eq. (6) and (ii) replacing P turb,th −P turb,loss with η turb (P turb,th , ω gg )P turb,th ; P turb,loss is the power lost to power conversion inefficiencies such as windage.
The efficiency depends upon P turb,th and its inlet mass flow rate which depends on ω gg [16] .
Eq. (18) is the spool mechanical power balance where η spool accounts for the spool mechanical losses. The equation is obtained from (i) taking the time derivative of Eq. (7), (ii) recognizing the change in stored spool energy is the time derivative of Eq. (8) and substituting, and (iii) replacing P turb,me − P spool,loss (ω gg ) with η spool (ω gg )P turb,me . We note P spool,loss is the power lost in the rotation of the spool from mechanical inefficiencies such as bearing friction and is a function of ω gg [16] and this leads us to η spool as a function of ω gg .
Finally, Eq. (19) is a result of (i) considering the dynamics of P comp,me to be first-order (dP comp,me /dt = (−P comp,me + f (P turb,me , ω gg ))/τ ) with a time constant an order of magnitude smaller than the spool [20] and (ii) multiplying the dynamics by τ and applying a singular perturbation.
Behavioral Dynamics of P c f uel
The dynamics of P c f uel stem from the choice of GTE control system. We desire to avoid potentially damaging conditions such as stall and flame-out and to accomplish this, employ the common strategy of enforcing rate limits on P c f uel [16, 21] . To this end, ∆ inc P,f and ∆ dec P,f are the maximum (absolute) rates at which P c f uel may increase and decrease, respectively. Between these two limits, we assume that the fuel system possesses a first order behavior with a time constant of τ f uel . Furthermore, let us denote P * f uel,ss as the desired steady-state value of P c f uel , assuming that the short-term load requirement is constant. With these assumptions and definitions, if P c f uel is moved from one steady-state operating point to another in the least amount of time, then P c f uel will have the following approximate macro-dynamics:
, otherwise (20) However, Eq. (20) is not everywhere differentiable. Typically for optimization purposes, functions need to be of class C 1 . Therefore, for optimization we assume ∆ inc P,f = ∆ dec P,f and approximate Eq. (20) using the hyperbolic tangent function. As such, let us denote ∆ P,f as the maximum absolute rate at which P 
In the case of ∆ turbine is E wf,5 . Finally, E pt,th denotes the thermodynamic energy extracted from the working fluid by the power turbine available for external work. Thus
A portion of E pt,th is lost to friction and thermodyamic-to-mechanical inefficiencies and is designated E pt,loss . It follows that the mechanical energy available to the shaft for work and/or storage as rotational energy is
Finally, denoting E out as the energy transferred to the load through the shaft, E pts,loss as all shaft mechanical energy losses, and E pts,stored = 0.5J pt ω 2 P T the rotational stored energy, we arrive at the energy balance equation:
where J pt is the combined rotational inertia of the free power turbine and the load. Note that E pts,loss may be non-zero even when E pt,me = 0 since there are frictional losses associated with the power turbine spinning. P pt,th =η extract,pt (P wf,4 , P cool,pt , ω gg , ω P T )
Power Flow of a Free Power Turbine
P wf,5 =(1 − η extract,pt (P wf,4 , P cool,pt , ω gg , ω P T ))
P pt,me =η pt (P pt,th , ω gg , ω P T )P pt,th (28)
Eq. (25) describes the thermodynamic power, P pt,th , extracted by the turbine. Finally, the power transferred to the load, P out , from Eq. (29) is obtained by differentiating Eq. (24) and using an efficiency term, η pts , to account for shaft losses, which are a function of its speed [16] .
Summary of Behavioral Model of Gas Turbine Engine
Equations (11)- (19), (20), (25)- (29) characterize the behavior of a gas turbine engine. Implementation of models, like the behavioral model, in a MPC structure is greatly improved if the continuous control input to the model is of a normalized form, that is, u ∈ [0, 1]. In the case of the GTE, the control input is the desired quantity of fuel flowing into the combustor at steady-state, P * f uel,ss . Therefore, we express P * f uel,ss as follows:
where u f uel ∈ [0, 1] is the control input and P max f uel,ss (ω P T ) and P min f uel,ss (ω P T ) are the respective maximum and minimum allowable fuel powers at the current ω P T . The fuel powers can be developed from plots like that shown in Fig. 6 3 .
The plots, which are typically provided by manufacturers, have a set of nominal curves which graphically specify the steady-state functional relationship
Graphs similar to Fig. 6 are included in [22] for the AVCO Lycoming TF-40, GE LM2500, and Pratt & Whitney FT4A-14 and FT9. A fuel consumption graph for the Pratt & Whitney FTC-2 is in [23] .
The implementation of the developed behavioral model for control of a GTE requires a number of quantities/parameters and efficiencies:
• LHV f uel ;
3 Figure 6 was generated using the GSP software TSHAFT example ('TSHAFT PWinput' model simulated in steady-state, detailed in section 7) that includes a gas generator and free power turbine [7] . • J spool , the inertia of the gas generator spool;
• J pt , the inertia of the power turbine shaft including connected external load;
• P min f uel,ss and P max f uel,ss as functions of ω P T,ss (from P out,ss );
• the maximum absolute change in fuel power, ∆ P,f ;
• the fuel system time constant τ f uel ;
• the respective gas generator combustion, compressor, gas turbine, and gas turbine extraction efficiencies, i.e., η comb , η comp , η turb , and η extract ;
• the spool efficiency, η spool ;
• f c (P turb,me , ω gg );
• the free power turbine extraction efficiency, η extract,pt , the thermodynamicto-mechanical conversion efficiency, η pt , and the free power turbine shaft efficiency, η pts ; Many of the above GTE quantities/parameters are proprietary and must be estimated as scaled versions of values given in the open literature or, in the case of efficiency maps, obtained from curve fitting data from a high fidelity GTE simulator such as GSP [7, 8] and NPSS [15] . Behavioral model parameters for two example engines are developed in subsequent sections.
TSHAFT Gas Turbine Engine Behavioral Model Parameter Identification
The GSP [7, 8] Several example GSP models are available for download [24] . One such model is the 'TSHAFT PWinput' model (denoted as TSHAFT-GSP here) that approximates a GE T700 engine which has a configuration consistent with the Gas Turbine Behavioral Model (GTBM) developed herein. Some of the data within TSHAFT-GSP is directly applicable to the GTBM. Other GTBM parameters, including efficiencies, must be extracted from diverse exercises of the TSHAFT-GSP. Table 1 shows GTBM parameters available directly from TSHAFT-GSP and the others that must be inferred from simulation data: f c (P comp,me , ω gg ), η extract (P wf,3 , P c cool,gg , ω gg ), η extract,pt (P wf,4 , P cool,pt , ω gg , ω P T ), P max f uel,ss (ω P T ), P min f uel,ss (ω P T ), P out,ss (P f uel,ss , ω P T,ss ),and ∆ P,f . These quantities are functions of P comp,me , P c cool,gg , P cool,pt , P c f uel , P wf,3 , P wf,4 , ω gg , and ω P T . The exact structure of these functions is unknown. This requires that we presume function structures. It was found that multi-dimensional polynomial forms proved adequate. Each polynomial form is specified with a set of coefficients, c i . The coefficients are determined as least-squares fits to TSHAFT-GSP data. THSAFT-GSP simulation data included both steady-state and transient responses. The quality of the fit depends not only on the polynomial structure but also on the richness of the data. In steady-state, the THSAFT-GSP operational envelope in ω P T and P out (described shortly) was gridded and all needed TSHAFT-GSP power, speed, fuel values, etc. computed in the GSP simulator. In the transient data collection, responses were computed while fuel was varied and ω P T was held constant. Appropriate subsets of the combined data were used to execute the least-squares fits. The worst coefficient of determination, R 2 , obtained was 0.9992, suggesting excellent fits to the TSHAFT-GSP data.
The TSHAFT-GSP P out and ω P T operational envelope is shown in Fig. 6 :
.6] rad/s where the maximum value is given in TSHAFT-GSP and the minimum is approximately equal to 30% of full speed, the lower limit for a GE T700 in [25] ; P out values at a given ω P T range between the P out at the zero surge margin and P max out (ω P T ) = ω P T T max P T · 10 −6 MW where Fig. 7 shows the (ω P T,ss , P out,ss ) 4 grid points for TSHAFT-GSP steady-state data collection: the range of ω P T is divided into eight equal partitions; P out,ss at each ω P T,ss is the union of P max out (ω P T,ss ) and P out,ss (ω P T,ss ) = {0.15 + 0.1n MW : 0.15 + 0.1n < P max out (ω P T,ss ), n ∈ Z ≥0 , surge margin ≥ 0}. The use of different (ω P T,ss , P out,ss ) points is possible but the ones used here are sufficient for GTBM development as shown in the simulations later on.
TSHAFT-GSP transient data was collected at ω P T values of 680.7, 1434.7, and 2188.6 rad/s using the ω P T specific fuel schedule provided in section 8.1; the fuel input has two step changes over a 20 s simulation. GTBM development is possible with different/additional transient data but the transient data collected appears sufficient as illustrated later.
TSHAFT Compressor Power Relationship
To approximate Eq. (19), we use a modified quadratic surface designated by f 2,1 and specified below: , and 5.8420·10 −3 . These values indicate an excellent quality of fit. We note here that alternate fit equations with, for example, higher powers on the variables did not result in significantly improved fit quality.
The other remaining approximations are set forth in Appendix A.
TSHAFT Gas Turbine Engine Simulations
Here we compare the transient responses of the TSHAFT-GSP and the GTBM developed in the previous section. Our purpose here is to validate the assumptions used in the development of the GTBM and to show that minimal error results in using the behavioral model, properly parameterized, in typical responses. Thus making the GTBM useful for controller design.
TSHAFT-GSP and Gas Turbine Engine Behavioral Model Transient Response Simulations
The GTBM is implemented in MATLAB and simulated using the ode23t solver; initial conditions for a GTBM simulation are made equal to those of a comparable TSHAFT-GSP simulation. Simulations cover 20 s of operation. Data is sampled at 10 Hz. During each simulation the power turbine speed is held constant at the respective values of 6500 (680.7), 10100 (1057.7), 13700 (1434.7), 17300 (1811.7), and 20900 rpm (2188.6 rad/s). On the other hand, the GTBM commanded normalized fuel input, u f uel , has a unit step rise and one-half step decrease to simulate severe operation associated with slam acceleration and slam deceleration, respectively [16] : 
THAFT-GSP and Gas Turbine Engine Behavioral Model Response Comparisons
Figures 8, 9 and 10 show the GTBM is able to very closely reproduce TSHAFT-GSP results from given initial conditions and fuel commands. This is further confirmed in Fig. 11 which displays the minimal error in GTBM output power. The adequacy of the GTBM is further evaluated using the 2-norm normalized error:
where x(t) denotes the simulation variable time history for comparison. Table 2 summarizes the 2-norm normalized error obtained for the spool speed, N gg ; compressor thermodynamic power, P comp,th ; gas generator turbine thermodynamic power, P turb,th ; and free power turbine output power, P out obtained for the simulations described in the previous section. Next, Table 3 gives the maximum percent errors (absolute basis) of the GTBM N gg , P comp,th , P turb,th , and P out values from the corresponding TSHAFT-GSP values over the simulations.
Overall, the 2-norm normalized errors are all below 3.5% and the maximum absolute transient errors are below 7.2% which shows that the GTBM is adequate for approximating the high-fidelity THSAFT-GSP output for control design purposes. 
TSHAFT-GSP Check of Gas Turbine Engine Behavioral Model Assumptions
The behavioral model is constructed upon the key assumption of weak back coupling from the power turbine rotor speed, N pt , to the gas generator speed, N gg . To check this assumption, we simulate TSHAFT-GSP over 350 s with a changing load. At the start of the simulation, the engine is at steady-state with a 450 Nm load on the power turbine and fuel supplied at 0.067 kg/s.
Then, to test weak back coupling, a square-wave shaped power turbine load is applied from 10 to 190 s with amplitude of 150 Nm, mean of 450 Nm, and period of 60 s; the fuel flow rate remains constant. Fig. 12 shows N pt , N gg , the power turbine input P wf,4 , and P out normalized to their values at t = 0:
Time ( of N pt . Moreover, the percentage difference in P out is 103%, reflecting the power turbine load and speed changes, but the power supplied to the power turbine, P wf,4 is effectively constant with a variation of 0.2%. The results support the assumption of weak back coupling from N pt to the gas generator for this test; when the power turbine load and speed noticeably vary, the gas generator operation is effectively unchanged.
Normalized LM2500 Gas Turbine Engine Behavioral Model Parameter Identification
In this section, we present the behavioral model parameters for a GE LM2500
having normalized values (denoted as the normalized LM2500) in consideration of proprietary information: maximum engine power is 1 MW, N and ω P T ∈ [29.1, 104.7] rad/s (N pt ∈ [278, 1000] rpm). Our lack of GE simulator bleed air knowledge prevented us from adequately matching outputs from the simulators outside of the given speed ranges. Further, a complete GTBM parameter set was not obtained directly from the GE simulator because its provided engine specifications and output set are limited. Table 4 lists the normalized LM2500 GTBM parameters and their source.
We point out (i) the α c i values were set to zero because GE simulator bleed air data was not available and (ii) unity values for η comp , η turb , and η pt are a consequence of using the GSP, and (iii) η comb was taken from TSHAFT-GSP as a typical value. The values and functional forms of f c (P comp,me , ω gg ), η extract (P wf,3 , P c cool,gg , ω gg ), η extract,pt (P wf,4 , P cool,pt , ω gg , ω P T ), P max f uel,ss (ω P T ), P min f uel,ss (ω P T ), and ∆ P,f are provided in Appendix C; they were determined using similar reasoning and methods to that provided for the corresponding TSHAFT GTBM quantities as described in section 7 and Appendix A. The worst coefficient of determination, R 2 , obtained was 0.9988, suggesting excellent fit to the GSP data and usefulness of the data fitting approach introduced with the TSHAFT example. However we note that, unlike the TSHAFT example, the data used to obtain P max f uel,ss (ω P T ) and P min f uel,ss (ω P T ) is taken from the GE simulator and thus P out,ss (P f uel,ss , ω P T,ss ) is not required in this example.
Steady-state response GSP data for parameter fitting was generated using the grid of (ω P T,ss , P out,ss , W f uel,ss ) input values listed in Appendix B. GSP transient response data was collected at ω P T values of 29.1, 66.9, and 104.7 rad/s using the ω P T specific fuel schedule provided in section 10.1; the fuel input has two step changes over a 20 s simulation. GTBM parameter development is possible with different/additional steady-state and transient data but the data collected is sufficient for GTBM development as shown in the simulations later on. 
Normalized LM2500 Gas Turbine Engine Simulations
Here we compare the transient responses of the normalized LM2500 GSP model and the developed GTBM. As with the TSHAFT example, our purpose here is to validate the assumptions used in the development of the GTEBM and to show that minimal error results in using the behavioral model, properly parameterized, in typical responses. Thus showing again that the GTBM is useful for controller design.
Normalized LM2500 Gas Turbine Engine Behavioral Model and GSP Transient Response Simulation
The GTBM is implemented in MATLAB and simulated using the ode23t step rise and one-half step decrease to simulate severe operation associated with slam acceleration and slam deceleration, respectively [16] : 
Normalized LM2500 Gas Turbine Engine Behavioral Model and GSP Response Comparisons
Figures 13, 14 and 15 show that the GTBM is able to very closely mimic GSP results from given initial conditions and fuel commands. This is further confirmed in Fig. 16 which displays the overall minimal error in GTBM output power. The adequacy of the GTBM is further evaluated using the 2-norm normalized error calculated using Eq. (35). Table 5 summarizes the 2-norm normalized error obtained for the spool speed, N gg ; compressor thermodynamic power, P comp,th ; gas generator turbine thermodynamic power, P turb,th ; and free power turbine output power, P out obtained for the simulations described in the previous section. Next, Table 6 shows the maximum percent error difference (absolute basis) of the GTBM N gg , P comp,th , P turb,th , and P out values from the GSP values over the simulations. Overall, the 2-norm normalized errors are all below 2.7% and the maximum absolute errors are below 7.6% which shows again that the BM is adequate for approximating the high-fidelity GSP model output for control design purposes. 10.3. Normalized LM2500 GSP Model Check of Gas Turbine Engine Behavioral
Model Assumptions
We again check the assumption of weak back coupling from the power turbine shows N pt , N gg , the power turbine input P wf,4 , and P out normalized to their values at t = 0: N pt = 641 rpm (ω P T = 67.1 rad/s), N gg = 869 rpm (ω gg = 91.0 rad/s), P wf,4 = 1.1471 MW, and P out = 0.33390 MW. N pt varies 64% over the load changes while N gg varies 0.9% and the direction of change is opposite that of N pt . Moreover, the percentage difference in P out is 101%, reflecting the power turbine load and speed changes, but the power supplied to the power turbine, P wf,4 is effectively constant with a difference of 0.4%. The results support the assumption of weak back coupling from N pt to the gas generator for this test; when the power turbine load and speed noticeably vary, the gas generator operation is effectively unchanged.
Time ( 
Conclusions
A gas turbine engine behavioral model for power management control design is derived wherein the engine is composed of a gas generator and free running power turbine. The behavioral model presented has three advantages. First, it is structurally simpler than a detailed first principles engine model and is suitable for control purposes. Second, it requires a low number of surface fits for operational characteristics, reducing the amount of data (particularly proprietary) needed to model the engine compared to other control models. The behavioral models here require three surface fits (compressor power, gas generator turbine extraction efficiency, and free power turbine extraction efficiency).
The minimum and maximum fuel power fits provided are not counted since they were created out of convenience and not necessity. In contrast, other control models require between four [14] and six fits [12, 13] . Third, the behavioral model is able to produce sufficiently accurate output using less detailed engine information than a high-fidelity first principles model. The maximum error (absolute basis) at steady-state between the behavioral model and GSP outputs for the TSHAFT engine is no greater than 7.2% over a wide range of power turbine operation speeds. Similarly, for the normalized LM2500, the maximum error (absolute basis) between the behavioral model and GSP outputs is no greater than 7.6%. The 2-norm normalized errors between GTBM and GSP responses for the TSHAFT and normalized LM2500 were all 3.5% or less. These low error values validate the GTBM as being suitable for control design purposes. Further, the key assumption that the gas generator can be treated as the power turbine actuator was investigated and verified using the GSP TSHAFT and normalized LM2500 examples.
function, denoted f 2,2,2 . The fit set forth in Eq. (A.3) requires TSHAFT-GSP data for ω gg , ω P T , and P wf,4 = P wf,3 + P c cool,gg − P turb,th (from Eqs. (14) and (15)); using Appendix A.1 to obtain P wf,3 and P c cool,gg and the native GSP outputs ω gg , ω P T , and P turb,th , the fit is η extract,pt (P wf,4 , ω gg , ω P T ) f 2,2,2 (c extract,pt , ω gg , P wf,4 , ω P T ) P , and RMSE=5.3193·10 −3 , which as before is adequate for our needs.
Appendix A.3. TSHAFT Fuel Power Relationships
From steady-state TSHAFT-GSP data, P out,ss = f (P f uel,ss , ω P T,ss ) is approximated by f 2,2 :
f 2,2 (c Pout,ss , P f uel,ss , ω P T,ss , ω fit surface here as in [26] and continuity of the surfaces at (x, y 0 ) allows us to develop the minimum and maximum fuel power curves called for in section 6 in essentially the same way as in [26] .
To obtain a least squares fit, we first set ω min P T,ss = 680.7 rad/s and ω max P T,ss = 2188.6 rad/s as specified in section 7. The value of ω 0 P T,ss = 1057.7 rad/s was chosen via iteration to obtain an adequate R 2 =0.9992, SSE=4.4694·10 The maximum steady-state fuel power curve, P max f uel,ss (ω P T,ss ), is required in Eq. (30). We approximate P max f uel,ss (ω P T,ss ) with a third-order polynomial: Values of P max f uel,ss for the ω P T,ss were obtained by (i) recalling from section 7 that the maximum P out,ss at each ω P T,ss is equal to ω P T,ss T max P T · 10 −6 MW and (ii) solving Eq. (A.5) for P f uel,ss in terms of (ω P T,ss , P out,ss ) with the quadratic formula resulting in P f uel,ss (c Pout,ss ,P out,ss , ω P T,ss ) = − −c 2 ω P T,ss − c 4 ω Eq. (30) requires P min f uel,ss (ω P T,ss ) which we approximate (as in [26] ) with a cubic polynomial: . The values of P min f uel,ss (ω P T,ss ) were obtained from Eq. (A.8) with P out,ss set equal to the output power on the zero surge margin curve at ω P T,ss (see . Clearly, a cubic fit was sufficient for our purposes. where the numerator is calculated from the expressions for P max f uel,ss (Eq. (A.7)) and P min f uel,ss (Eq. (A.9)). The value of ∆t is chosen as 1 s. This is an average value in [26] , since ∆t is not available from TSHAFT-GSP data. Estimates of the fuel power rates for the engines listed in Appendix A.3 are set forth in [26] .
Appendix B. Normalized LM2500 Model GSP Inputs
The GSP inputs for normalized LM2500 steady-state response were obtained from the GE simulator using inputs of ω P T and ω gg where each ω P T ∈
